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Splines on b ounded Domains
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problems: bounda ry conditions, stabilit y
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W eight function

essential bounda ry conditions wjD > 0 ; wj@D
= 0

construction:

² explicit fo rmulas
² Rvachev's Bo olean expressions
² numerical distance functions
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Rvachev's R-F unctions
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Extension
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I ( j ) : nearest ( n + 1) m -arra y of inner indices

ei;j : value at j of the Lagrange-p olynomial to i

J ( i ) : complementa ry sets ( i 2 I ( j ) , j 2 J ( i ))
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W eighted-Extended-B-Splines
(with U. Reif and J. Wipp er)

B i =
w

w( x i )
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A

prop erties:

² lo cal supp ort: ei;j = 0 fo r jj i ¡ j jj & 1

² stabilit y: jj
P

ci B i jj 0 ³ jj C jj

² app roximation order: jj u ¡ Phujj ` . hn+1 ¡ ` jj ujj n+1
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Ritz Galerkin App ro ximation

H : Hilb ert space, inco rp orating homogeneous bounda ry
conditions

a : elliptic bilinea r fo rm

¸ : linea r functional

weak solution:

a( u; v) = ¸ ( v) ; v 2 H

¯nite element app roximation:

a( uh; B i ) = ¸ ( B i ) ; i 2 I

erro r estimate:

jj u ¡ uh jj H . inf
C

°
°
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°
°
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Linea r Elasticit y

displacement:

( u1; u2; u3) 2
³
H 1

¡

´ 3

strain tenso r:

" k;l =
1

2
( @ku` + @̀uk)

stress tenso r;

¾k;l = ¸ (trace " ) ±k;l + 2¹"

variational fo rmulation:

a( u; v) =
Z

D

¾ : "

¸ ( v) =
Z

D

f v +
Z

@Dn¡

gv
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Flagsta®

displacement (30x) and principle stress (colo r)

ro d length: 4:0m head diameter: 0:4m

material: aluminum ¸ : 5:71 ¢10 8N/dm 2

¹ : 2:69 ¢10 8N/dm 2

max displacement: 9mm max stress: 1:7kN/cm 2

Saint-Malo 2002



Flagsta®

grid cell classi¯cation

grid width 0:9 0:45 0:225 0:1125
inner 56 1036 10506 101606
bounda ry 450 1794 7242 31862
ratio 0:889 0:634 0:408 0:239
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Plane Strain

" 3;` = " `;3 = 0

displacement principal stress

same pressure (40 kp/cm 2) in all pip es, no fo rce on outer bounda ry
material steel: ¸ = 1:15e7 N/cm 2 , ¹ = 7:7e6 N/cm 2

outer circle: r o = 120cm
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L 2- and H 1-Erro r
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Residuum and Bounda ry Erro r
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Singula r Solution
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�

�

displacement principal stress

material concrete: ¸ = 8:3e9 N/m 2 , ¹ = 1:25e10 N/m 2
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Plane Stress

¾3;` = ¾̀;3 = 0
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¡
f

displacement principal stress

material steel: ¸ = 1:05e7 N/cm 2, ¹ = 8:28e6 N/cm 2

volume fo rce f = 10 4( x; y) t N/cm 3

outer circle: r o = 5cm, M o = (3 =4; 0)
inner circle: r i = 1cm, M i = (0 ; 0)
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L 2- and H 1-Erro r
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Residuum and Bounda ry Erro r
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Condition Numb er and Iteration Count

0 2000 4000 6000 8000 10000
10

0

10
10

10
20

10
30

10
40

10
50

10
60

0 2000 4000 6000 8000 10000

100

150

200

250

300

350

400

450

500

550

cond ( Gh) » h¡ 2 » dim ¡ 1

Saint-Malo 2002



Advantages of w eb-Splines

² no mesh generation

² simple basis functions

² multigrid techniques

² high accuracy with few parameters

² arbitra ry smo othness and app roximation order

² hiera rchical bases
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