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Ritz-Galerkin Metho d

minimize energy subject to boundary conditions

Q(u) = %a(u;u)i ,(uw! mn; u2B

‘nite dimensional approximation

X
u¥auy = CiBj
i21
with Bj spanning a subspace By %2 B

Ritz-Galerkin system GC = F

gijo= a(Bi;Bjo; fij=,(Bj)
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Mo del Problem

Poisson equation with Dirichlet boundary conditions

i Cu=1f Iin D; u= 0 on @

variational formulation
Z Z

a(u; u) = 1 ngrad ujz; . (u) = fu

with u2 B= fu: grad u square integrable ; Ug = 09
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Hat-F unctions

associated with inner nodes x; of a triangula r mesh

drawbacks:

2 time consuming mesh generation
2 large numb er of parameters for high degree elements
2 |naccurate boundary approximation

2 low smo othness
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Almost Regula r Plana r T riangulations

Surface of a core with cracks Lak e Constance

generated with the ART-Algo rithm (courtesy of IVM Fuchs GmbH)
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Almost Regula r T riangulations of Solids

Island Norderney
T-Mount (t wo layers meshed with prisms)

generated with the ART-Algo rithm (courtesy of IVM Fuchs GmbH)
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as Finite Elements

B-Splines

dixculties

2 violation of boundary conditions

2 instabilit y due to small supp ort
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W eight Function

function w, vanishing on j © @ with order ° > 0

w(x) 3 dist( x; i)

weighted B-splines satisfy boundary conditions

wh 2 B
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Classi cation and Extension

relevant, inner and outer B-splines: K = I [ J

1

linear combinations maintain stabilit y and accuracy

b ! bi+X_ e b
j
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W eighted Extended B-Splines

WEB-spline
0 1
W X
Bi = W(X)%bi"' e|;ijg
! j2J3(i)
X
= W &k
k2K
2 weight function vanishes on j ! boundary condition
2 support contains grid cell Q; 3 x; ! stablilit y
2 linear combinations contain weighted polynomials ! accuracy
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Prop erties of WEB-Splines

results for WEB-splines with smooth weight function of order 1 on a
smo oth domain

2 stabilit y in Lo(D):

jcji? ¥ ¢ ¢Bje ;

2 approximation order for the Sobolev space H%(D)\ HX(D):

kuij upk-? hki\kukk; "<k- n+ 1

2 multigrid convergence for the model problem j ¢ u= f:

solution time » dim By
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Convergence  Rates

WEB-spline approximation of a mo del problem with analytic solution
i¢cu=finD; u= 0on @

L, error and rate (left), H?! error and rate (right), h= 2i1l;::::2i6
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Perfo rmance of Multigrid

results of the dynamic multigrid solver (dmg) and a standard ssor
preconditioned conjugate gradient solver (p cg) to achieve a residual norm
< le-10

h | dim By | pcg iter | pcg rate | dmg iter | dmg rate | pcg/dmg time
2i 1 966 19 0.28 60.75 0.67 0.67
2i 2 3696 32 0.48 32.31 0.49 1.89
2i 3| 14383 61 0.68 29.31 0.45 3.72
2i 4| 56793 120 0.82 24.33 0.38 8.70
2i © | 225503 239 0.91 22.33 0.36 19.40
2i 6] 899281 476 0.95 20.33 0.32 41.76
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Linea r Elasticit vy

displacement:
3

o 1 3
(ug;u2;uz) 2 H:
strain tensor:
1
"kl = 5(@U‘+ @uy) .

stress tensor:

Y5 = , (trace ")Hx + 21"

variational formulation:

Z
a(u;v) = %"
D
f
7 7 v
c(v) = fv+ gV
D @ n;j
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Stone T able

circula r table under gravital force

displacement and maximum principle stress were computed using web-
splines of degree 2 on a grid consisting of 53x53x30 cubes
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Defo rmation of Thin Shells

variational formulation:
4 z A o2 !
f(v) = PV a(u; v) = SeEs %ij (U) Tk (v) + o (u) % (v)

V3,

strain tensor:

. 1° _
§ =5 Vig ot Vi i Vi ij Vs

v

|

change of curvature tensor:
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Summa ry

WEB-splines combine advantages of B-splines and standard nite ele-
ments

2 no mesh generation

N

high accuracy

2 one parameter per grid point

2 arbitra ry choice of order and smo othness
2 adaptive re nement via subdivision

2 simple regular data structure

2 excient algorithms

2 optimal multigrid solvers
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